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^ . Abstract 

I We study a generalization of Lian-Liu-Yau's notion of Euler data |LLY97] 

' in genus zero and show that certain sequences of multipUcative equivariant 

a • characteristic classes on Kontsevich's stable map moduli with markings induce 

data satisfying the generalization. In the case of one or two markings, this data 

is explicitly identified in terms of hypergeometric type classes, constituting a 

complete extension of Lian-Liu-Yau's mirror principle in genus zero to the case 

! of two marked points and establishing a program for the general case. We give 

I several applications involving the Euler class of obstruction bundles induced by 

CN ■ a concavex bundle on P"-. 

p 

§ ■ 1 Introduction 



X 



Given X be a smooth projective variety over C, let Mg^rn{X, (5) be Kontsevich's moduli 
space of stable maps to X. Its points are triples (/; C; 2:1, z^), representing a 
holomorphic map f : C ^ X from a genus g curve with smooth markings Zi, £ 
C and such that /*[C] = (3 E H2{X,Z), modulo the obvious equivalence. For an 
excellent introduction to stable maps see |FP96j . The Gromov-Witten theory of X 
with primary insertions concerns integrals of the form 



^i(7i, 7m) = /_ n 



where integration is over the virtual fundamental class [Mg^rn{X, (3)]™ of Li-Tian 
|LT98] (also Behrend-Fantechi |BF97] ). evi is the map 

evr.Mg,m{X,l3)^X 



given by evaluation of / at the i-th marked point, and 7^ G H*{X, Z). As Mg^rn{X, (3) 
is a Deligne-Mumford stack, the Gromov-Witten invariants are in general Q-valued. 
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When X is Calabi-Yau, the duahty between type IIA and IIB string theories 
postulates that a certain generating series for the Gromov-Witten invariants of X (the 
A-model partition function) is computable in terms of period integrals on the complex 
moduli of a mirror space (the B-model), for instance yielding the mirror conjectures 
of |CdlOGP91j and jBCOV93] for the quintic. For a thorough history and overview 
of mirror symmetry, see either |CK99j |HKK"'"03] . We will restrict our attention to 
the mirror principle program of Bong Lian, Kefeng Liu, and S.-T. Yau which seeks to 
prove mirror conjectures in a simple and unified framework by exhibiting certain series 
of equivariant multiplicative characteristic classes on Kontsevich's moduli of stable 
maps m terms of hypergeometric type classes |LLY97j |LLY99aj |LLY99bj |LLYnij . 

The original paper |LLY97] develops mirror principle in genus zero for X a com- 
plete intersection and more generally a local Calabi-Yau space arising from a concavex 
bundle V over (direct sum of a positive and negative bundles). Such a bundle 
V = © V~ naturally induces a sequence of obstruction bundles Vd on Mo,m(IP", d) 
whose fiber at (/; C; zi, ...Zm) is given by H°{C, f*V+) © H\C, f*V-). The calcula- 
tion of Gromov-Witten invariants ([I]) for X reduces to enumeration of twisted Euler 
classes of these obstruction bundles: 



Here H is the hyperplane class on P" and we have identified /3 = d[H]. The power 
of this formulation is that a torus T acting on P" induces a T-action on Mo,m(IP"; d,), 
which permits the localization methods of Atiyah-Bott |AB84j to be applied to an 
equivariant version of ([2]). We will review the essentials of equivariant cohomology 
and localization in Section 2, as well as introduce Lian-Liu-Yau's notion of Euler data 
and give a more precise formulation of their program. The idea is that one should 
study sequences of equivariant classes on a large projective space (the so-called linear 
model) that satisfy certain quadratic relations on fixed points under a torus action. 
These relations reflect the geometry of fixed components of a complicated moduli 
space (the nonlinear model) which collapses onto the linear model. One instance of 
Euler data is induced by the concavex bundle V and corresponds to the A-model; 
another instance, corresponding to the -B-model, is given in terms of linear classes on 
the linear model. Their equality after certain mirror transformations is established 
in |LLY97j in the case m = 0. When m > 0, Lian-Liu-Yau give a general formulation 
of Euler data but do not explicitly identify the proper linear classes for comparison 



In section 3 we introduce the notion of {u, f )-Euler data, which can be interpreted 
as a deformation of Lian-Liu-Yau's Euler data (seen to be the (0,0) case). We show 
that a concavex bundle on P" indeed induces {u, f )-Euler data, and prove a key 
uniqueness lemma for the specific case of (0, 1)-Euler data. Section 4 gives a natural 
extension of (0, 0)-Euler data to (0, 1)-Euler data and discusses certain invertible 
maps on (M,f)-Euler data known as mirror transformations. The goal is to prove 




(2) 
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Theorem 14. 5[ which gives an extension to (0, 1)-Euler data with controlled growth 
in a certain equivariant weight critical to our uniqueness lemma. In Section 5 we 
combine the results of previous sections to prove Theorems 15.21 and 15. 3[ the one-point 
and two-point mirror theorems establishing the equality of Euler data induced by 
V with explicite linear data. When V = 0{n + 1) on and working with the 
equivariant Euler class this agrees with the results of jZin07] . Section 6 discusses the 
explicit recovery of Gromov-Witten invariants in general, while Section 7 gives several 
concrete examples. 

We note that integrality conjectures have been advanced connecting the numbers 
produced in ([T]) with the enumerative geometry of X. In dimension 3, the Aspinwall- 
Morrison formula |AM93j conjectures integer invariants in the case g = 0, m = 
when X is a Calabi-Yau after multiple coverings are properly taken into account. 
This was generalized by Gopakumar and Vafa to a full integratlity conjecture in all 
genera for CY 3-folds. New integrality conjectures for Calabi-Yau spaces in genus 

1 for dimensions 4 and 5 and an extension of the Aspinwall-Morrison formula to n 
dimensions have also recently been advanced |KP08] |PZ08j . To be specific, in genus 
it is conjectured for Calabi-Yau n-folds that the invariants rj defined via 

oo 

^>0 j3>0 d=l 

are integers. The author has verified the integrality of these invariants in m = 1 or 
m = 2 for a number of different V in low degree by computer. 

Acknowledgments The author wishes to thank his advisor. Prof. Kefeng Liu, for 
his advice and support, as well as Prof. Jun Li for his interest in the project and 
assistance. 

2 Preliminaries 

2.1 Equivariant Cohomology and Localization 

We briefly summarize equivariant cohomology for T-spaces and the powerful tech- 
nique of localization. For a thorough discussion, the standard reference is |AB84] . 

Let T be a compact Lie group. There exists a contractible space ET, unique 
up to homotopy equivalence, on which T acts freely, and with T classified by the 
principle bundle ET — )■ BT. If X is a topological space with T-action, we define 
Xt = X ET, which is a bundle over the classifying space BT with fiber X. 

Definition The equivariant cohomology of X is defined to be 



H*t{X) = H*{Xt), 
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where H*{Xt) is the ordinary cohomology of Xt- 

We will always take T to be an algebraic torus (C*)", in which case one may check 
that BT = (P°°)" and ET = ttIS ■ ■ ■ where vr^ is projection of BT to the 
z-th copy of F°° while S = 0{—l) is the tautological line bundle on P°°. When X is 
a point we recover the ordinary cohomology of the classifying space BT: 



where Aj = Ci(C(Aj)) are the weights of the torus action. 

Many of the standard concepts in ordinary cohomology translate directly to the 
equivariant setting, for instance the notions of pullback for T-maps and pushforward 
by a proper T-map. If we denote inclusion of the fiber hj ix '■ X Xt, then 
in particular the equivariant pullback induces a map i*x : H^{X) H*{X) called 
the nonequivariant limit. Furthermore, pullback by the contraction map X pt 
realizes H^{X) as a H* {BT)-modu\e. The notions of equivariant vector bundle and 
equivariant characteristic classes are also readily defined. 

2.2 Atiyah-Bott Localization 

If X be a smooth manifold acted on by a torus T, the T-fixed components of X are 
known to be a union of smooth submanifolds {Zj} (e.g. |Ive72j ). We will denote 
inclusion of a fixed component into X by iz^ : Zj ^ X and let the (equivariant) 
normal bundle of Zj C X be denoted by Nj. A key observation is that the equivariant 
Euler class EnleiTiNj) G H^{Zj), which we may pushforward by the Gysin map 
iz^\ : H^iZj) H^iX), is invertible in //^(X) ® TZt where 7^T = C(Ai, A„) is the 
field of fractions of H*{BT). 

A fundamental result in the subject is that there is an isomorphism between the 
equivariant cohomology of X properly localized and that of its fixed components 



if^(pt) = if*(5T) = C[Ai,...,A„] 



i/* (X) ® 7^T = H*j.{Zj) ® n 



given explicitly by the map 




In integrated form. 




•* 



for any a G H^{X) (g) 7^^. 
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More generally, let / : X — t- F be a proper equivariant map of T-spaces. If F C y 
is a T-fixed component of y, C f~^{F) fixed components of f^^{F), and /o := /|_b, 
then functorial localization |LLY97j says for u G H^{X), 




eT{E/X)) eriF/Y)- 



Localization techniques hold in the case where the spaces support support virtual 
fundamental classes. For instance, see the discussion in Ch. 27 of |HKK+n8] . 

2.3 Lian-Liu-Yau Euler Data 

We now give a brief overview of Lian, Liu, and Yau's mirror principle, in particular 
focusing on their notion of Euler data. Ultimately one wishes to establish the equiv- 
alence of two sequences of equivariant classes on projective spaces satisfying certain 
gluing relations on the fixed points. Such sequences are known as Euler data and are 
the primary item of interest in mirror principle. We refer the reader to the original 
paper for further discussion |LLY97] . 

Let Md = Mo,o(IP"' X !))• This space compactifies the space of all unmarked 

rational maps of degree d to and is often called the nonlinear model (the map to P" 
is the image of the the map given by each point in Ma). has a G = C* x T-action, 
where T = (C*)"^^, induced by the G-action 

on P^ X P". Furthermore, there is a natural (equivariant) forgetful morphism tt to 
M^o{¥^,dy. 

Ti:Md^M^o{V\d). 

Also define Nd = P(if°(P^, 0{d))"~^^). Since an unmarked degree d rational map 
to P" may be given up to scalar multiple as an {n + l)-tuple of degree d homogeneous 
polynomials in two variables with no common factor, Nd constitutes a different com- 
pactification of unmarked rational curves to P" of degree d, which we call the linear 
model. It too has a G-action, given by 



{t,to, ...,tn)- [ao{wo,wi), . . .,an{wo,wi)] = [to^«o(i ^Wo,Wi), . . .,t^^an{t ^Wo,Wi)] 

where the aj are degree d homogeneous polynomials in two variables. 

The G-fixed components of Nd are isolated fixed points, which we denote by {pi^r} 
where < i < n and < r < d, representing the point [0, wIwq~^, •••5 0] where the 
nonzero term is in the i-th slot. We similarly label the T-fixed points of P" by {qi} 
where < z < n. One may compute the equivariant cohomology ring of Nd to be 
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HUN,) = 

nr=o Um=i{i^ - - 

where k is the equivariant hyperplane class, the A; are weights of the T-action, and 
h is the weight of the final C*-action |CK99] . Let TZTHQ{Nd) denote the localization 
of HQ{Nd) where polynomials in the Aj are inverted. 

Definition A sequence of equivariant classes Q = {Qd} with Qd G TlrHQ^Nd) is 
called fl-Euler data if there is an invertible class Qo = Q E 7?.r-ffr(IP") so Q satisfy 
the relations 



for each < i < n,d > 0, and < r < d. 

We will casually refer to the data as Euler data when Q is understood or unimportant. 

Because pullback to pi^r of a class u G HQ^Nd) is given by evaluation in the 
polynomial ring of the equivariant hyperplane class n at (Aj + rh), it is customary to 
write i*. ^(w) as co{Xi + rh). This way, a sequence of equivariant classes Q is f2-Euler 
data if 



fi(Ai) ■ Qd{Xi + rh) = Qr{Xi + rh) ■ Qd-r{^i)- (5) 
We will also need the notion of linked Euler data: 

Definition Two fi-Euler data P and Q are said to be linked if Prf(Aj) = Qdi^i) at 
h = {\i — \j)/d for all i, j ^ i, and d. 

Geometrically, Euler data are linked if they agree on multiple coverings of coor- 
dinate lines in Nd- The following uniqueness lemma for linked Euler data is proved 
in |LLY97] : 

Lemma 2.1 If Q and P are linked Q-Euler data such that degf^{Q{\i) — P{\i)) < 
{n + l)d-2, thenQ = P. 

A key result from |LLY97] is the existence of an equivariant collapsing map 

(^:Mo:^(P"xpi,(rf,l))^iV,. (6) 

We may take the pullback of any multiplicative equivariant characteristic class b of 
the bundles Vd on Mo,o(IP", d) via vr and then pushforward via ip to obtain a sequence 
Q = {Qd} with QdeH*UNd): 

Qd = f*i'^*{biVd)))eH*UNd), 

Unless stated otherwise, b will always be the equivariant Euler class in our applica- 
tions, although the total Chern class is also interesting |LLY97j . As a special case of 
the more general Lemma 13. Q is Euler data. To be more precise, if = © V~ 
is the given concavex bundle, then Q turns out to be 4^^-Euler data. 
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3 {u, ^)-Euler Data 

For any m > 0, u + v = m, and ki > 0, let 

k = (/ci, kfn) 

k' = {ki,...,k,,0,...,0) 

k = (0, 0, fcti+i, fcm) 

where m,u,v, and the fcj are nonnegative integers. Also let \k\ = Yl^i- 

Definition A {u + v + l)-sequence Q = {Q^j^} with Q^j^ & TItHq{Nci) is called 
(m, V, /3, Q)-Euler data if the following hold: 

1. Q^j. = (3\^\n for some (3 e //J(P") and all k. 

2. Q satisfies the Euler condition 

^{^^) ■ Qd,ki^r + rh) = g,,^„(A, + rh) ■ Q,_,s,{\). (7) 

We will call the sequence at some fixed k the height k data and denote it by Q^. As 
before, we often suppress /3 and VL when unimportant, casually referring to (u, ^;)-Euler 
data. 

Example Lian-Liu-Yau's Euler data coincides with (0, 0, /9, f2)-Euler data. More 
generally, the height part of any (M,f)-Euler data obeys their gluing relation ([5]). 
However, height 7^ data is not quite f2-Euler data nor /3''^'f2- Euler data but rather 
a deformation in some sense, and we will say that Q extends Qg. This constitutes a 
different generalization of Euler data from the one given in |LLY01j . The motivating 
idea is that we wish to work within a framework that allows one to tie marked data 
coming from a concavex bundle to unmarked data rather than study the problem for 
each number of markings independently. 

3.1 {u,v)-'Eu\er data and Concavex Bundles 

We will now show that a concavex bundle naturally induces {u, f )-Euler data when 
defined through restriction to certain subspaces of an appropriate nonlinear moduli 
space. 

Let M^'" C Mo,„+^(P" X P\ (rf, 1)) be the subspace of the Deligne-Mumford com- 
pactification of maps — )■ P" x P^ of bi-degree {d, 1) with u + v marked points such 
that the first u marked points are sent to [0, 1] under projection to the P^ factor and 
the final v marked points are sent to [1, 0] under that projection. We call M^'^ the 
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nonlinear model and again give it a G-action induced by multiplication on the image 



as in (jl]). Note that M^'^ is the nonlinear moduli used by Lian-Liu-Yau. The 
natural projection to Mo_„+^,(P"', c?) will again be denoted by vr, suppressing the u,v 
dependence: 



As in the unmarked case, there exists an equivariant collapsing map to N^, still 
to be denoted (p : M^'^ — )■ A^^, defined as composition of the Lian-Liu-Yau collapsing 
map (E]) from Mo,o(IF'"' x P^, {d, 1)) to A^^ with the forgetful morphism(s) from M^'^ 
to Mo,o(P" X P"^, (rf, 1)) forgetting the markings. 

Fix u + V = m. For k = {ki, km), let 



where p is the equivariant hyperplane class on P" and b is any multiplicative equiv- 
ariant characteristic class. Also let Q = {Q^j:}- 



The m = case is precisely the Euler data Q studied in |LLY97j . Our immediate 
goal is to prove the following: 

Lemma 3.1 Q is {u,v,p,Q)-Euler data, where Q = and p is the equivariant 

hyperplane class on F^. 

We first give some setup and prove a crucial gluing lemma (Lemma l3.2p . Although 
the obstruction bundles on Mo^m(IP"; d) induced by a concavex bundle V = V~^(BV^ 
on P" exist on different spaces, there are nontrivial relations on multiplicative equiv- 
ariant characteristic classes connecting them. For any < r < d, define M^''' {r, d — r) 
by the puUback diagram 



W'\r,d-r) 



pi 



Mr 



0,i+ll 



P2 



Mo,,+i(P",t/-r) 



Vj + l 



pn 



where pi and p2 are projections and evk evaluation at the k-th marked point. We think 
of M "{r,d — r) as consisting of pairs of an {i + l)-pointed stable map of degree r and 
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a (j + l)-pointed stable map of degree d — r^ ((/i, Ci, wi, Wj+i), (/2, (^2, -^i, ^j+i)), 
such that = f2{zj+i) = q. We also have the diagram 



pn 

where the image of ev is q, and the image of ip is the stabilization of the map formed 
by connecting Ci at Wi^i with C2 at of degree d given by = 

In the case that r = and i = or 1, Mo,j+i(P"', r) is empty. To remedy this 
we replace Mo,i+i(P"', 0) with a copy of P", and replace efj+i with idpn. This way, 
W'\0,d) = Moj+i(P",(i). We let forget the (j + l)-th point when i = and be 
the identity when i = 1. This way ip results in an + j)-point curve in all situations. 
The case r = 0? is similarly modified when j = or 1. 

Lemma 3.2 (Gluing Lemma) If b is a multiplicative equivariant characteristic class 
then the following relation on M^''' {r, d — r) holds for < r < d: 

ev*n ■ rKVd) = plev*^,b{Vr) ■ plev]^^h{Vd-r) 

where VL = . 

Proof Suppose ((/i, Ci, wi, ...,Wi+i), (/2, C2, zi, Zj+i)) map to (/, C, wi, Wi, zi, 
under ip. This gives rise to the exact sequence 

0^ f*v ^ f*v®f;v ^vu^o 

In the case that V is convex, passing to cohomology gives the exact sequence 

H'iC f*V) ^ H\f*V) © H\f;v) -> vu ^ 0, 

from which the lemma follows easily. Likewise, if V is concave we have the exact 
sequence 

^ V^l, -> H\C, f*V) ^ H\f*V) © H\f;v) -> 0, 

and again the corresponding gluing lemma follows. The general concavex case is then 
an easy combination of the two cases. | 

We now prove Lemma 13.11 
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Proof First observe that g is automatically polynomial in h, as it is an equivariant 
class on A^^^. We show that Q satisfies ([7]) by pulling the calculation back to M^: 

Q,,d^^ + rh)= f <\>,^^A,:u = I ^*iKr)x^,^,, (8) 

where 0p. ^ = Y[{j s)jt{i r)('^ ~ (-^i + ^^)) equivariant Poincare dual to the fixed 

point Pi^r- We wish to calculate via localization and so must understand the 
G-fixed components. Each fixed component Mr ^ Md is labeled by a decorated 
graph r in the usual way |CK99j |HKK+03j . although we will not directly need this 
description. Furthermore, we must have ip{Mr) = Pi^r- 

We first consider the case < r < d. To obtain a better description of these 
G-fixed components and in particular their normal bundles inside of M^'^ , we build 
a variation ip of the map given above as follows: for each point of M ' {r,d — r) 
represented by the pair {{fi,Ci,wi, ...,Wu+i), {f2,C2, zi, z^+i)) with fi{wu+i) = 
q = f2{z^+i), let C = Co U Ci U where Co = F\ with [1,0] G Co glued to 
Wu+i e Ci, and [0, 1] G Co glued to z,,+i G C2. Then define / : C ^ x P" by 



f\co{z) = {z,q) 
/|c,(^) = ([l,0],/i(^)) 
/Ic.(^) = ([0,l],/2W) 



This induces a map M^'^{r,d — r) — > Mo,u+t,(P" x P^, [d, 1)). Moreover, the image is 

-u, 
d 



contained in M'^'^ and so defines a map ip 



^ : M"'\r,d-r)^ M^'\ 
Fix < i < for the moment and let {-F^} denote the set of T-fixed components 



of Moj(P", k) such that the j-th marked point is sent to qi G P*^. In the present case, 
it is clear that F} x C M(r, d — r), and we identify this subset with its image 
under ip, writing F^ x C M^'^. It is not hard to see that all the fixed components 
Mr of M^'^ with y9(Mr) = Pi_r arise in this way. Hence by functorial localization, (jH]) 
becomes 



' ^1 ^, /j7'-+ixF''+i)r. EulerG(A^p-+ixF-+i)' 

^ d — r J 



We want to identify the class EulerG(iV(F""'"^ x Fjl^j^)) in the equivariant K-theory. 
By considering the various inclusions at hand it is straightforward to find 

iV(F;+i X Fl^l) = Ar(F;+i) + N{F^+^) - 2r,P" + T.P" + N{ij) - N{J), 
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where J is the inclusion map J : M^'^ Mo,a+w(P"' x P, (rf, 1)). Thus, omitting 
pullbacks for simphcity, 



These pieces may be identified as 



EulerT(T,P") = J](A, - A,) 

EulerG(iV(J))) = (-1)^/1"+'' 
EulerG(A^(^)) ~^ 



where Crj is the fine bundle on Moj(P'^,(i) given by the cotangent line to the j-th 
marked point on each curve. Furthermore, by Lemma [3 ■2[ on x F^'^l 

Putting all this together, we have: 



.h",, JiF?^^)r Eulerr(iV(F«+i))(;i - cf 

JiFl^Dr EulerHiV(Fr;))(^ + cf ' ^ ^ 



A similar analysis for r = yields 



(10) 

so that 
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(11) 



Likewise, for r = d we find 



{F?+'} 



EulerG(iV(F«+i))(;i - cf 



(12) 

Combining (|9]), (ITT]) , and (IT2l) . it is then straightforward to check that that Q satisfies 
([7]) and thus is (m, f ,p, fi)-Euler data. (Note that in ([H]), i*pi^{4'i,r) is on A^^^ but in (ITTI) 
i;^^(0i,o) is on iV^ and in (Hg) «;, ,,(0*,r) on Nd-r) | 



3.2 Uniqueness for (0, 1)-Euler data 

In this section we will restrict ourselves to studying a uniqueness lemma for (0, 1)- 
Euler data. The discussion has a natural analog for (1, 0)-Euler data, which we will 
not state, that will only be used briefly in the discussion on two markings. 

For notational simplicity, we will refer to the height using k rather than k = {ki). 



Lemma 3.3 (Uniqueness Lemma) If Q = {Qd,k} and P = {Pd,k} are {0,1, (3, fl)- 
Euler data such that Qq = Pq and degti{Q d,k{,\) — Pd,k{K)) ^ {n + l)d — 1 for all i, 
k, and d, then Q = P. 



Proof We will prove Qd,k = Pd,k for each k by induction on d. Notice that (5o,fc = 
(3^0. = Po,fc by assumption. Suppose that for any fixed k > 0, Qd',k = Pd',k for 
< d' < d. Since the intersection pairing is nondegenerate, it will be sufficient to 
show that 



[ K\Qd,k - Pd,k) = for all s > 0, 

where k is the equivariant hyperplane class on Nd- We compute this integral by 
localization: 
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n 

= E 



0<i<nO<r<d 
n r 



i=0 
n 



EulerG(iVp,,o) EulerG(iVp, 

A|(Q(i,fc(Ai) — Pd,k{K)) 

Eulero(iVp,.) 



The second line follows from the first because Q satisfies the Euler condition, 
allowing Qd,k{\ + rh) to be expressed in terms of Qi^k, ■ ■ ■ , Qd-i,k and Qr^ whenever 
< r < d, and likewise for Pd.k{\i + rh). By the inductive hypothesis these agree, and 
the only terms remaining in the difference are the r = and r — d cases. Furthermore, 
using the assumption Qq = Pq when r = d, 



Qd,k{K + dh) = r^(A,)-^Qd,o(A» + dh)Qo,k{X.i) 

^ n{\,)-'Pd,oiXi + dh)Po,k{Xi) 

= Pd,k{Xi + dh), 



so this difference vanishes as well giving the final line. Computing the normal bundle 
in the final line, we find that 

/ K^{Qd,k - Pd,k) = f: (13) 

where 

^ ^ j-'^Y Qd,k{Xi) - Pd,k{Xi) 

d\ n,^.(A. - A,) n,.^, nLi(A. - (a, + mh)) ■ 

We claim that Ai is in fact polynomial in h. It is easy to see that (0, 1, /3, r2)-Euler 
data automatically satisfies the self-linking condition that Qd,k{Xi) = f5{\jYQd,o{\i) 
at h— (Aj — Xj)/d for all i, j ^ i, /c, and d. It follows that aXh— (Aj — Aj)/d 

QdAXi) - Pd,k{Xi) = P{Xj fiQd,o{Xi) - Pd,o{Xi)) = 0, 

which cancels out some zeros of the denominator. The other zeros at H = (Aj — Xj)/s 
where < s < d cancel as well again by repeated use of the self-linking condition 
(geometrically if Qd,k and Qs,k are both multiples of Qdfi on covers of coordinate lines 



14 



L. Cherveny 



then they are multiples of each other). We have shown that Ai is indeed a polynomial 
in h. However, the left side of ( !T3|) is naturally a polynomial in h. The degree bound 
implies that 

degf^Ai < {n + l)d — 1 — nd = d— 1 

Since h'^ divides Ai we conclude that Ai, and hence the left hand side of (fT3l) . always 
vanish. The lemma then follows. | 



4 Hypergeometric Data 

Throughout this section and the next, we will take /3 G -ff^(P") to be p, the equivariant 
hyperplane class. The goal is first to extend (0, 0)-Euler data to (0, 1)-Euler data in 
a natural way, and then to transform (0, 1)-Euler data into "linked" data so certain 
hypergeometric series associated to the data obey simple relations. These notions 
will be made precise shortly. Ultimately we prove Theorem 14.51 showing that this can 
be done in a way that controls the growth of h. 



4.1 An Extension Lemma 

Let So denote the set of all sequences B = {Ba} such that B^ E H^(F"-){h) for all 
d, where h is now a formal parameter. The hypergeometric function associated to 
B E So is a formal function taking values in if^(P") (g) C{h) given by 



HG[B]{t) = e 



-pt/h 



,dt 



B,, 



d=l UtoUm=liP - - 

Let : Nd be the equivariant embedding given by 



[ao, ...,an]^ [aow^, a„wf]. 

Also let S be the set of all sequences Q = {Qd} of equivariant classes with Qd G 
IZTHQ^Nd). We then have a natural map X : S ^ So, defined via {X{Q))d = IdiQd) 
for every d. With this notation, the hypergeometric series associated to the height k 
sequence in (m, v,p, fi)-Euler data is given by 



HG[X{QMt) = e 



-pt/h 



At 



d,k) 



d=l 



nr=o nm=i(p-^«-"^^) 



(14) 



For the remainder of this section we will deal only with (0, 1)-Euler data, and 
again adopt the notation Qfe in place of Qj: for the data at a particular height. 
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Lemma 4.1 (Extension Lemma) There is a map p : S ^ S such that p gives a 
natural extension of (0, 0, — , Q)-Euler data Qq E S to (0, l,p, Q)-Euler data Q in such 
a way that 

Qk = p\Qo) 

for all k > and with the property that 



HG[IiQ,m = { -h- \ HG\X{Q,)]{t). (15) 



Proof Given = {Qo,fc}, define p^((5o) = {Qd,k} via 

Qd,fc(Ai + rh) = {Xi -{d- r)KfQdfi{\i + rh). 

Tliat this extension satisfies [7] is easily checked, and as the restriction at each fixed 
point of Nd is polynomial in h so is the class Qd,k itself. Furthermore, iUdiQd,k) = 
Qd,k{Xi) = (Aj — dhYQdfl{\) for every fixed point e P", from which we conclude 

Wd,k) = {P~dhfl*{Qd,o). 
Equation flT^ is now verified by straightforward power series manipulation. | 



4.2 Mirror Transformations 

Lemma l4?T] implies we may always extend some initial (0,0, f2)-Euler data to (0, 1, p, Vt)- 
Euler data in a simple way. However, hypergeometric data associated to the extension 
will behave badly in that it grows in powers of h as the height k increases. It turns 
out the correct way to control the hypergeometric data is transform Euler data into 
new "linked" data. More generally, one may wish to manipulate (m, w)-Euler data. 
We now give some natural extensions to definitions found in |LLY97j : 

Definition Two (m, /3, f2)-Euler data P and Q are called linked if Qq and Pq are 
linked (0, 0, fi)-Euler data, meaning that Qdfi{\) and Pd,o(Aj) agree aX h= {\i — \j)/d 
for all i,j, and d. 

Let denote the set of all {u, v,p, n)-Euler data. 

Definition A mirror transformation on {u,v, f3,Q)-EnleT data is an invertible map 
/i : A^ so that p{Q) is linked to Q for all Q G A^. We will sometimes deal 

with mirror transformations that alter the Euler data at one particular height k while 
fixing all other heights; in this case, we call p a mirror transformation of height k. 
Clearly the composition of mirror transformations of different heights will be a mirror 
transformation. 
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Lemmas 14. 2| 14.31 and l4.4l below describe specific mirror transformations on {u, v,p, Q)- 
Euler data tliat will be needed to establish Theorem 14.51 or in the examples. The 
existence of a mirror transformation described at each height by a relation on hy- 
pergeometric data is established by first showing that there is a well-defined image 
sequence in Sq satisfying the relation, then that this sequence lifts well to a sequence 
in S so the lift satisfies the Euler condition and is polynomial in h, and of course is 
linked to the original data. 

If one ignores the higher height data, Lemmas 14.21 and 14.31 exactly reduce to 
Lemma 2.15 of jLLY97j . Their proofs are essentially the same argument with small 
modifications; we produce those arguments for Lemma Lemma H73] is simpler and 
left as an exercise. 

Lemma 4.2 There exists a mirror transformation /i : — )■ so that for any 
g e e'nT[[e% 

HG[I{fi{Q)^m = HG[I{Q^)]{t + g) 
for all Q G A^ and all heights k. 

Lemma 4.3 There exists a mirror transformation v : A^ — > A^ of arbitrary height 
k such that for any f G e*7^r[[e*]], 

HG[I{i.{Q)^)m = ef"^HG[X{Q^m. 
Proof To prove Lemma 1121 l^t 1{Q%) = B^E Sq so that 

oo 

HG[Bj:]{t + g) = e-^'l^'e"^^'^ ^ d 



TD 

pt/h-pg/h dtdg d^ 



d=0 



nr=o ]\m=i{p - - 



Expand e'^s = Es>o5'd,se^* and e p^/^^ = Y.s>o9's(i''^ ^ where gd,s e and g', e 
T^rlp/fi]- It is straightforward to find that 



d—l n d 



where 



r=0 1=0 m=r+l 



d—l n d 



r=0 (=0 m=r+l 

defines a unique B^ = {B^ such that 



HG[B^m = HG[Biit + g). 
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For each k, we want to lift 5^ to a sequence = {Q^j;} with Q^g € IZtHq^Ncl) 

in such a way that is the height k data in (m, f ,p, f2)-Euler data Q hnked to Q. 
We define the Lagrange map C by 



(£(5,^)),(A, + rK) = n{X,y'Br,o{X,)B^_^^.,:{X,) (16) 

for each k > 0. Here overhne denotes the conjugate map on P" sending h to — (and 
more generally on A^^^) studied in |LLY97j . The relevant property of the conjugate 
map here is that Qd,o{Xi + dh) = QdfliK), from which one sees that the image of the 
Lagrange map satisfies the Euler condition [71 One may check that I o C = id^p, and 
that £ o X = id^ when restricted to Euler data. Define Qk to be C{Bk). It is clear 
from the definition of g that Qd,o{K) = -Bd,o(Ai) agrees with Qd,o{>^i) = Bd,o{K) at 
h = {Xi—Xj)/d, so Q is linked to Q. We now need only to show that Q^^a,. G TZrHQ^Nd). 

Broadly, if Q is (m, f ,p, fi)-Euler data, then multiplying both sides of f lT6|) by the 
identity 

{\^+rh){t-T)/h 1 rt 

e _ i e 



n;=o u^=o,u,m)^i^A^^ +rh- X, - mh) n,v.(A. - A,) n;=o n:;.=i(A. - a, + mh) 

Xi{t-T)/h 



lj=0 1 im=0,(j,m)^(i,r) \ 

g(d-r)T 



X e 



nLonL=i(Ai-Aj -m/i) 



and summing over 0<i<n,0<r<d, and then finally over = to oo yields (via 
localization) the identity 

E^'V ^^^''^^"Q<i,k= I {^-'mBW)HG[Bi{r)) (17) 



with Bq = X{Qq) and -Bg = X{Q^). Equation ( ITT]) is generally useful in establishing 
that lifts under the Lagrange map are polynomial in h. 
In the present case, [T7] gives 



d>0 JiNd)G 



n-'HG[I{Qo)]{t + g{e^))HG[I{Q^)]{r + g{e^)) 



d>0 
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Decompose g = g+ + g-, where g± = ±g±, and set q = and C, = {t — t) / h, so 
that g+{qe^^^) — g+{q) G /?-7?.T[[q', C]]- Moreover, g-{q), g-{qe'^'^) G ^T^^ffiyjC]] naturally. 
Since G TZTHQ^Nd), the final summation above lies in 7^r[[g, ^]], and so too 
much the initial summation. It follows that 

[ K^Q,^^ G Ut 

for all s > 0. A priori Q^g = a^n^ + ... + a^, with G IZq, and pairing this 
expression with various powers of k and integrating over {Nd)G gives G T^t- Thus 
Qdk ^ 'T^THQ{Nd) is (ti,f)-Euler data and we may define the mirror transformation 
yu via = Q- 

The proof of Lemma [4.31 is carried out by a similar argument. | 

These two lemmas describe mirror transformations that generalize those in |LLY97j 
used to manipulate the first two terms in the /i~^-expansion of hypergeometric data 
so a uniqueness result applies. We will need a new class of mirror transformations 
that allow one to further manipulate the degree term of the ^"^-expansion of higher 
derivatives of hypergeometric data in such a way as to eliminate all the purely equiv- 
ariant terms that appear after applying Lemma 14.11 The following lemma provides 
that new class of transformations: 

Lemma 4.4 There exists a mirror transformation rj : — )■ of arbitrary height 
k so that for any f G e*7^T[[e*]] and k' , 

HG\X{r,{Q)^)]{t) = HG[I{Q^,m + / • HG[IiQ^,,)]{t) 

for allQ G A^. 

Proof Write X(Q^) = Bj: = {B^j:} and likewise X^Qj:,) = 5^, = {B^ j:,}. We need to 
show that there is a sequence Bj^ = {B^ G Sq so that 

HG[Bi{t) = HG[B^]{t) + / ■ HG[X{Q^,m 

and that this sequence lifts well under the Lagrange map to linked (m, f )-Euler data. 

It is straightforward to calculate that if we write f{t) = J2s>i fsif)^^^, the desired 
sequence Bk G Sq is given by 

d n d 

B,s = BdM + llf^^^)^d-sS'X{ n {p-h-^n). 

s=l 1=0 m=d—s+l 

The Lagrange lift C{Bj:), given as before by 



(£(4^))rf(A, + rh) = Q{X,)-'Br,oiXi)B,_^,:{X,) 
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will satisfy the Euler condition ([7]) by design, and will be linked to the original data as 
^(Aj) and kiK) agree at ^ = (Aj — Aj)/(i for all and d. Define rj^Q)^ = C{Bj:). 
We need to check that that i^{Q)j: is in fact in IZtHq^N^). Applying (|T7|) . we have 



d>0 



At 



E 



■")t 
dr 



n-'HG[I{Qo)]{t) {HG[I{Qj:)]{t) + f ■ HG[I{Q^,,)]{t)) 



e / e 



K{t-T)/h 



Qd,k + / ■ Qd,k' 



Both Q^j^ and Q^p are in TZTHQ^Nd) as Q is Euler data. An argument similar to 
that of Lemma Wf2\ shows that must also be in 1ZtHq{N(i). | 

We now have all the ingredients necessary to prove: 

Theorem 4.5 Suppose that Pq is {0,0, Q)-Euler data whose hypergeometric data has 
series expansion in fr^ of the form 



HG[X{P,)]{t)=n 



oo q 



q=l 'r=0 



where y^git) are degree-r symmetric polynomials in {Aj}. Then Pq may be extended 
to {0,1, p, Q) -Euler data P in such a way that the hypergeometric data at each height 
k has series expansion of the form 



HG[I{Pk)]{t)=Qp' 



oo q+k 
q=l r=0 



where yl ^{t) are degree-r symmetric polynomials in {Aj} and the y^q{t) are recursively 
defined by 



for I < i < q. 
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Proof We construct the (0, 1)-Euler data P by induction on height. The existence of 
height data satisfying the theorem is presupposed. Suppose that for all < k' < k, 
P has been constructed with hypergeometric data 



HG[Z{Pkm)=np' 



oo q+k 
q=l r=0 

and we wish to construct the height k + 1 data. The operator p : S ^ S from Lemma 
14.11 on Pk gives height k + 1 data p{Pk) such that 



HG[I{piP,))m = -h^^ {HG\X{Pum) 



k+1 oo q+k 

q=2 r=0 



,r=0 



Since Q is assumed to be invertible, we see from the definition for hypergeometric 
data that y^q{t) ~ ^ ^ e*7^T[[e*]] and in particular yli{t) — t E e*7^T[[e*]], which 

implies yli{t) — 1 G e*7?.T[[e*]]. Thus / = /zln(?/° ^'(t)) G e*7?.T[[e*]] and we may use 
Lemma 14.31 to obtain a mirror transformation u such that 



HG[XiuipiP,)mt) = e'f"^HG[X{p{P,)m 



k+1 , yjjifl k+l-r 



oo q+k r 
g=2 r=0 yk,l \'^) 



_yr If^^-j 

The previous observation also implies that ^p'''')^^^ G e*7?.T[[e*]] for all r = L../i; + 1. 

We may then use Lemma 14.41 (repeatedly) to obtain another mirror transformation t] 
such that 



k+1 „,r I 



HG[X{ii{v{p{Pk)))m = HG[X{v{p{Pk)mt) + -4^HG[APk+i-r)m 



oo q+K r f(4.\ 

np'^' + np' J2 f^v'-'h-'^^' 

q=2 r=0 k,l l*J 

k+1 r oo q+k+l-r 

'VkA V^J 



Qp" 



r=l yfc.l q=l s=0 

oo q+k+1 

1+E E i-^yyUi,qit)p'^'f'"' 



k+1 
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for some functions y^+i It is clear that yl^i^^it) is symmetric of degree r in {A}, 
and that yl+i^qit) is given by 

/.N _ yi-i,q+i (^) 
Thus we define Pk+i to be ri{u{p{Pk))) and the theorem is proved. | 



5 Mirror Theorems 

In this section we combine the results of previous sections to establish mirror theo- 
rems, which express the Euler data coming from a concavex bundle in terms of linear 
classes on A^^^ in the case of one and two marked points. We first show that the 
(0, 1)-Euler data induced by a concavex bundle V and the extension constructed in 
Theorem 14. 51 are the same. The case of two markings is solved by gluing together the 
results of the one point case. 



5.1 One-point Mirror Theorem 

The mirror theorems in the case of one marked point will follow from the following 
lemma, which explicitly identifies JjJ(Qg). 

Lemma 5.1 Let 0"^ = nr=onm=i(P ~ ~ f^fi) ^ H^{¥^) denote the denominator 
of the coefficient of e'^^ in the hypergeometric series HG[X{Qj^)](t) . Then: 

1. IfiTj, evj are as before then 

'AQi.u)-[ ^) <t> P S ™„+,. fi+cf(£j,„+,) / 

2. Q satisfies degj^I^i^Q^^ < ('^ + l)'i + v — 2 for every k. 



Proof To prove the first part of the lemma, we show that both sides of the equation 
have equal localizations at G P" for all < z < n. Since Id{qi) = Pi,o ^ Na, we have 

From the proof of Lemma 13. 1^ we know 



^ — 1 r ^1.-1-1 , ( -J 
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It follows from the definition of 0'^ and = Hj^ilP ~ -^i) ^^^^ 



which, when combined with the above expression for Qd,k{\)i gives 

, ^ r TT* (EulerT(V^d)n^_i e^p^O 

,f;^i,i(i^r')T Eulerr(iV(F/ ))(;i + cf 

where the summation is over fixed components F^^^ C Mo,t,+i(P", c?) such that the 
final marked point is mapped to G P". 
On the other hand, if we let 



7r:+i(EulerT(l^.)n;=i/0 

= — 



then 



J{P")t 



J(Afo,«+l(P",rf))T 



(Mo,„+i(P",d)) 

The last line follows since evl^i(f)q^ vanishes unless the image of that last point is 
Qi. Hence, in calculating this expression via localization we only need consider fixed 
components of Mo.t,+i(P", (i) such that the last marked point is mapped to g^. Such 
components are precisely the ones considered in the proof of Lemma [STT] to obtain the 
expression for Q^j^i^i)- Thus both sides have equal localizations at each fixed point; 
the lemma follows. 

To show the degree bound in the second statement of the lemma, we know that 
Q^j^, and hence laiQdk)^ both automatically polynomials in h since Q is {u,v)- 
Euler data. It is clear that degf^(f)'^ = (n + l)d, so part two of the lemma then follows 
immediately from the first part. | 

As an immediate application, we have the following theorem: 

Theorem 5.2 (Mirror Theorem I) The (0, l,p,Q)-Euler dataQ = {Qd,k} induced 
by concavex bundle V ^ F"- from Lemma \n\ and the extension P of its height data 
Po{= Qo) given by Theorem \4-5\ are equal. 
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Proof We confirm that the two conditions for uniqueness in Lemma [3.31 are met: Q 
and P have the same height data by assumption, which satisfies the hypotheses of 
Theorem 14.51 by the second part of Lemma 15.11 For k > Q the extension of Theorem 
14.51 satisfies 

HG[X{Pk)]{t) = VLp^ mod tr^. 
The second statement in Lemma ISTD also implies that in the case of (0, 1)-Euler data, 

HG[X{Qk)]{t) = Qp'' mod h-\ 

The degree bound in Lemma 13.31 is equivalent to requiring that the hypergeometric 
series agree modulo h~^, so the theorem follows. | 

Remark The entire development of (0, 1)-Euler data can also be carried out for 
(1, 0)-Euler data with the modification that the map : P*^ Nd be replaced with 
. pn ^ A/'rf, given by 

/^([ao, ...,an]) = [aoWQ,...,anWo]. 

Any statement concerning (0, 1)-Euler data may then be read as a statement about 
(1,0)-Euler data by using In particular, an analogous one-point mirror theorem 
concerning the (1, 0)-Euler data from a concavex bundle holds. 

5.2 Two-point Mirror Theorem 

Explicitly identifying the (1, 1)-Euler data induced by V in terms of linear classes is 
acomplished by gluing together (1,0) and (0, 1)-Euler data. 

Theorem 5.3 (Mirror Theorem II) The {l,l)-Euler data Q induced by a con- 
cavex bundle V is expressible in terms of linear classes by gluing together its (0,1)- 
Euler data, identified by Theorem \5.2\ in terms of linear classes, and its analog for 
{1,0)-Euler data as prescribed by the Euler condition As a consequence, the 

associated hypergeometric data at height k = {ki, ^2) is given by 

HG[I{Q,^^m = p'^HG[I{QdMm) 



Proof As an equivariant class is fully determined by its values at fixed components, 
the Euler condition identifies any (1, 1)-Euler data in terms of its (1, 0)-Euler data 
and (0, 1)-Euler data. A good solution to the one-point problem as given by Theorem 
15.21 then identifies Q in terms of linear classes on A^^. The second statement follows 
from the fact that I^iQu) = P^IdiQo) ioi any (1, 0)-Euler data Q. | 



24 



L. Cherveny 



6 Recovery Lemmas 

Recall that the Gromov-Witten invariants ^ associated with the concavex bundle 
V on P"- are defined as 

~ m 

K,r,= Y.n\eT{V,)\{ev*H'^ (18) 

for k = (fci, km) whenever 

dim M^i^'^^d) = dim ^^+1^1, 

in which case we say that the integrand is of critical dimension. 

The next lemma is useful for extracting the invariants K^^ g from hypergeometric 
data. 

Lemma 6.1 // Q is {0,v)-Euler data induced by a concavex bundle V and k = 
{ki, ky) is such that the integrand in l[TS\) is of critical dimension, then 



(19) 

Proof Denote the left-hand side of (|T^ by Ag. By Lemma [5.11 



iA ^1 /tt* (Euler(yd)n^ 1 et;*i7^0" 



Inserting this expression into As, we have 



As = {-lyW-^ / H'e-'^'^hv.+u 



TT, 



: ^i(Euier(\/,) n;=ie^F''- 

h + ci{Cd,v+i) 

...-II r.s^-e.,, .Hm <+i(E^ler(V-.) n;=i e^;g^ - 



Mo,„+i{P",d) 



-lyn 



Euler(Ki) W ev*H''^7ry+u 



,v+l) 

h + ci(£d,t^+i) 
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Since Euler(Vd) nj=i ^"^j-f^*^^ has top degree, this integral is just K^^^ times a 
scalar factor given by integrating the expression in brackets over a generic fiber of 
T^v+i (which is isomorphic to P^). Hence, 



A, = {-lyW-'K,^, I ^^^^ ( - ev:_,,H'- ] (20) 



h \ h ^"^^^^^^i 

The class Ci{Cd^y+i) restricted to a fiber is just the cotangent bundle of with 
V marked points, while the evaluation map on the fiber is just / which has degree d. 
By the Gauss-Bonnet theorem, the former class gives a contribution of 



i*ci{Cd,v+i) = -2 + w. 



while the latter contributes 



i*evl_^iH = d. 

'pi 

Inserting these into ( l20l) and considering the various possibilities for s establishes 
the lemma. | 

We will need a general recovery lemma for (l,t')-Euler data as well. Fix k = 
(fci, fct,, ky+i) such that the integrand in 

^ v+l 

is of critical dimension. Let < A;*^]^ < k^j^i and k* = {ki, ...,kl_^_i). Define 

K', = [ Euler(K^) f[ ev*H'^^ ■ evl^.H' ■ i^ll^' (21) 



where as before ipi is the first Chern class of the cotangent line bundle. In particular. 

Lemma 6.2 If Q is {l,v)-Euler data induced by a concavex bundle V on P" and 
ky+i, k*^-^^, k, and k* are defined as above and i^"* ^ as in l[21\) . then 



j=0 



where a = — k^,-^ — s when < s < k^^i — k^,^ and is otherwise. 
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Proof We again calculate the integral by pulling back to Mo,^+i(P", d) and using the 
expression for IdiQdk*) given in Lemma flS.ip : 



hm / fe-^'/'' ^^^^ 

^^^0 Jiv«)^ nr=o ^n^=l {p-^i- 

7r:+i(Euler(y,) YlUeV-R^^) 



where we have expanded everything by power series and taken the terms of critical 
dimension. The lemma then follows. | 



7 Applications 

7.1 One-Point Candelas Formula 

We will prove a one-point generalization for hypersurfaces of the famous Candelas 
formula, which expresses mirror symmetry for the quintic in the unmarked case. 
Let V = 0{n + 1) ^ P" with n > 4. The {n + l)p-Euler data 

{n+l)d 

pQ= Yl iin + l)K-mh) (22) 

has hypergeometric data given in the non-equivariant limit in power series expansion 

as 

oo 

hmHG[IiPo)]{t) = {n + l)pJ2i-^ymP'^-'- 
Define yi,g(t) recursively by 

yo,git) = tttt; Vi^qit) = — y— I > 1 (23) 

For dimensional reasons, the one-point Gromov-Witten invariants of interest are 

Kd{H^~^) = I Y.n\ei{Vd)evlH''-\ 

JMo,i{P",d) 
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Lemma 7.1 (One-point Candelas Formula for Hypersurfaces) Let the Gromov- 
Witten potential $ for the degree n + 1 hypersurface in P" be defined 

Then 



<I>(T) = {n + l) [yo,l(i)Z/n-3,lW - yn-3,2(t)] 

where the yi,q{t) are defined by anc? the mirror change of variables is 

Tit)=yo,iit). 

Proof Let Qq be the (0, 0)-Euler data induced hj V = 0{n + 1) and Pq be as in 
( I22p . As a consequence of Lemma 3.3 of |LLY97j . mirror transformations of Qq and 
Po agree, which we will denote /i(Qo) and i^(-Po), in such a way that 



HG[X{fim){t) = HG[X{Q,){T{t)) = -HG[X{Po){t) = HG[X{v{P,)){t) 

Jo 

in the nonequivariant limit. By Theorem 15.21 the extension of z^(-Po) to (0, 1)-Euler 
data z^(-P) given by Theorem 14.51 and the transformed (0, 1)-Euler data agree 
(here /i now refers to the extension given in Lemma [4.21 of the mirror transformation 
of |LLY97j to all heights). In particular, again working in the nonequivariant limit. 



HG[X{fi{Qn-3)m = HG[X[Qr,.z)(T) 

1 



n— 3 



n + 1 



$'(T)| + -l^(T$'(r)-$(T))| 



agrees with 



HG[X{v{Pn-z)) = 



n— 3 
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p p. 
-L — 2/n-3,l^ + yn-3,2^ 



The above expression for HG[X{Qn-3){T) is a direct consequence of Lemma \QA] The 
theorem then follows easily by equating terms in these expansions. | 



7.2 One-Point Closed Formula for rk{V ) > 2 

Let V = © be a split concavex bundle on P" such XI ^« + X] ^« 
the rank of the concave part is at least two: 

li>0 ki>0 



n + 1, and 
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with at least two ki factors. When 

k = n-2-rk{V+) +rk{V-) > (24) 

the integrand in 

Kd{H>') = I Euler(Kz)evtif^ (25) 

JMn 



has the correct dimension. 



Lemma 7.2 The one-point Gromov-Witten invariants Kd{H^) in \2R with k as in 
and rk{y~) = 2 are given by 

K (ff^) - ( n'^^^^-:) n^.n,M!njM-i)! 

and are if rk(y^) > 2. 

As a special case, when V = 0{—1)(B0{—1) — )■ P^, we recover the multiple 
covering formula for one marked point mentioned in the introduction: 

Although this contribution follows easily from the original Aspinwall-Morrison for- 
mula and the Divisor Equation |HKK^03] . the methods here give another simple 
proof. Other specific cases agree with calculations appearing elsewhere, for instance 
V = 0(-l) © C(-2) P2 considered in Section 3.2 of jKPOSj (where the authors' 
ultimate interest was genus 1 invariants). 
We now prove Lemma 17.21 

Proof As before, let fl = . If Qq is the (0, 0,p, fi)-Euler data induced by V and 
Pq is the (0, 0,p, n)-Euler data given by 

lid kid—1 

Pd = WW {hf^ -mh)W W + "^^) 

then by the results of |LLY97j . Qq and Pq are linked and, because rk{y^) > 2, 
immediately satisfy 

HG[l{QQ)]{t) = HG[I{PQ)]{t) mod h'^ 

from which one concludes that Qq = Pq (Lemma 12.11) . 

Now let Q be the (1, 0,p, f2)-Euler data induced by V (Lemma 13. ip . Notice that 
by Lemma [5.11 
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By inserting this into Lemma [6.21 in the case of (1,0)-Euler data, we find 



h-'KaiH'') = hm^ / e-^'^''— 



^«^o J (p„)^ YYl=o ni=i {p-M- mh) 

hm / e-/^ 



™ V)t ' nr=o nl=i (p - a/ - mn) 

where the last fine follows by picking off the term of proper degree when rk(V^) = 2. 
If rk(V^~) > 2 then the contribution is 0. | 

7.3 Generalized Multiple Covering Formula 



Let V = 0{—l)"'^^ on P", which induces on Mo^2(^"',d) a sequence of obstruction 
bundles Vd of dimension {n+l)d—n—l. Since Mo,2(IP"', d) has dimension {n+l)d+n—l, 
the only two-point invariants for dimensional reasons are 



KdiH'', if") = / Eu\eT{Vd)evlH''ev;H''. 

Lemma 7.3 

This agrees with the calculation made in |LLW07j . 

Proof The (0, 0, (— ]9)^"^^)-Euler data Pq = Y[ti=ii~P~^''^^)"'~^^ is immediately equal 
to the (0, 0, (— p)~""^)-Euler data Qq induced by V as they are linked and their 
hypergeometric series agree mod JLLY97] . The simple extension of Pq to (0, 1)- 
Euler data of Lemma WA] given by IdPd,k = {p — dh)^I^Pdfi already has the property 
that 

HG[X{Pn)]{t) = ^^ mod^i-^ 

On the other hand, the (0, 1)-Euler data Q induced by V satisfies 
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(_l)n+l 

HG[X{Qn)]{t) = mod h-^ 

as well by LemmaEHJ These two (0, 1)-Euler data then agree by Lemma lHTSl Theorem 
15.31 then yields that the (1, 1)-Euler data Q induced by V satisfies HG\I{Qn,n)\ii) = 
p''HG\X{Pn)]{t) = p'^HG[X{Pn)\{t). One may then calculate 



-h-^Kd{H'^, ff") = lim / 



e 



-pt/h_ 



i.Q d,n,n) 



U?=oUm=liP - - 



dh 

per Lemma I6.2[ from which the lemma follows. 



J{¥^)t nr=o 11^=1 {p-h- 



7.4 Example of General Case 

We now give an example typical of the general case computable by the methods in 
this paper. Consider the bundle V = 0(3) ©C(— 3) — P^, which defines a sequence of 
bundles Vd on Mo,l(P^ d) (or Mo^(P^ d)) of rank 6d. Since Moa(P^ d) has dimension 
6d + 3 and Mo,i(P^, d) has dimension 6d + 4, we should calculate 

Kd{T,{H'-')) = [_ En\eT{Vd)evlH''-'^\. 

for < 2 < 3 and 

JA^o,2(IP^d) 

for < i < 2. The other invariants computable by the methods in this paper follow 
quickly from the divisor property or symmetry and are not included. 

Let Q = {Qd,k} be the (0, — 1)-Euler data induced by V as in Lemma [3?T1 

Take g{t) = X]d>i ^~^d{d\)^^' ^ e*7^T[[e*]]; by Lemma 14.21 there exists a mirror 
transformation /i so that for every height k, 

HG[IifiiQ)k)]it) = HG[I{Qk)]it + git)). (26) 

In particular, by using Lemma [5. H at height k = (corresponding to the (0,0)-Euler 
data induced by V") the associated hypergeometric data has the expansion 
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HG[X{^^{Q),)]{t) = HG[I{Qo)]{t + g{t)) 

= -l [i-|(t + ^(t))] +0(^2). 

Now consider the (0, 0)-Euler data Pq defined by 

■id 3d-l 

m=0 m=l 

which is hnked to Qo (and hence fi{Q)o) by |LLY97j . The hypergeometric data for 
Po has series expansion of the form 

oo q 
q=0 r=0 

= -1 [1 - h-\p . ylit) + ylit))] + Oih-') 

Let f{t) = yl i(t) G e*7^^[[e*]]. By LemmaSSl there exists a mirror transformation 
V so that 



HG[X{v{Po))m = ef/^HG[I{Po)]{t) 



p 

h 



yUt) +0{h- 



One may exphcitly check that Vqi = g{t) + 1, so that 

HG[I{fi{Q)o)]{t + g{t)) = HG[I{u{Pomt) mod r^, 

which, by Lemma I^TTl imphes that ii{Q)q = i^{Po) as (0,0)-Euler data. 

By Theorem 15.2^ the extension of Pq of Theorem 14.51 and the transformed (0, 1)- 
Euler data fi{Q) induced by V agree. For instance, this imphes 



HG[IiQsm + git)) 



-h d 



-h d 



-h d 



HG[X{P,m 



from which one can calculate the one-point Gromov-Witten invariants Kd{H^). 

More generally. Theorem 15.31 along with the recovery lemmas 16.11 and 16.21 may 
be used to recover one and two-point Gromov-Witten with descendents, which are 
calculated by computer and given in the accompanying figures. 
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d 






1 
2 
3 
4 
5 
6 
7 
8 
9 

10 


144 
-15228 

3387832 
-1033328799 

9395106912144 
25 

152957189840958 

3299075934458784120 

-1255866618%964581023 

137738185029^530693381824 
9 

- 193162880799109330140903228 
25 


144 
-15264 

3387816 
-1033324992 
375804276480 
-152957190686220 
67328080295077224 
-31396665459982813056 
15304242781058965554888 
-7726515231964467156704640 



Figure 1: One-point Gromov-Witten invariants 
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1 

2 
3 
4 
5 
6 
7 
8 
9 

10 


27 

136485 

-4712813 

100423232037 


207 

-339471 

5169^073 
-I5037I595O87 


-4:U 

38799 
137^9^1061 
-2685iL?)l55185 


-7484lf 19774848 


256 

1483860161171187 


4165205i617157379 


125 

50249578265872917 
200 

-968660782674268810158 


10000 

-168846749581461909 
4000 

30592323981030547843299 


200000 
-21002329435853044853 

240000 

13092926237088181035302337 


3355951657oti?§49225317133 


-67859099724§4§§§27156420149 


-4475475825l%%l^^'}^54290766657 


627200 

-873077405632389938867605433 


433871533077?§§0^§5?00647627393 


8927968902011oi§§848^^§699723304167 


33075 

2354511971663254407450821413 


-51936435843^'^^^%^'}^15746796417 


-79180956963^§l6lllf2f§W607679163149 


175 


23520000 


177811200000 



Figure 2: One-point Gromov-Witten invariants with descendents 
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117 
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-141669 


-70965 


3 


28141053 


28140966 


4 


-52415855109 
4 


-13103928360 


5 


33295202406036 
5 


6659040481155 


6 


-7152693165982701 

2 


-3576346597038222 


7 


13967902006221361284 
7 


1995414572317337289 


8 


-9158575282812536703813 


-1144821910345015106088 


9 


670934720575777355387210 


670934720575777346006859 


10 


-1999257192955989705131315922 
5 


-399851438591201270607089595 



Figure 3: Two-point Gromov-Witten invariants 
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Kd{H',n{H)) 




1 


-117 


-27 


2 


-31995 
4 


239355 

8 


3 


6726101 


-10610038 


4 
5 

6 
7 
8 


-62339468859 


292304178171 


16 

55140229054008 


64 

-1097087319721233 


-25282225^51035849 


500 

113016673920662199 


18050357542*^9845806631 


-1047110483l'&8308828011 


-9769931994?l^05955290897 


42829575696W8^9°82686013239 


9 

10 


2240 

82446713274250766320045042 


125440 

-14815808389405172763875125873 


315 

-5561428230594376375028839092 


75600 

4499962304088589402305334576101 


35 


39200 



Figure 4: Two-point Gromov-Witten invariants with descendents 

References 

[AB84] M. Atiyah and R. Bott, The moment map and equivariant cohomology, 

Topology 23 (1984), 1-28. 

[AM93] P. Aspinwall and D. Morrison, Topological field theory and rational 
curves, Comm. Math. Phys. 151 (1993), 245-262. 

[BCOV93] M. Bershadsky, S. Cecotti, H. Ooguri, and C. Vafa, Holomorphic 
anomolies in topological field theories, NucL Phys. B405 (1993), 279- 
304. 

[BF97] K. Behrend and B. Fantechi, The intrinsic normal cone, Invent. Math 

128 (1997), 45-88. 

[CdlOGP91] P. Candelas, X. de la Ossa, P. Green, and L. Parkes, A pair of Calabi- 
Yau manifolds as an exactly soluble superconformal theory, Nucl. Phys. 
B359 (1991), 21-74. 

[CK99] D. Cox and S. Katz, Mirror symmetry and algebraic geometry. Mathe- 
matical Surveys and Monographs, vol. 68, Amer. Math. Soc, 1999. 

[FP96] W. Fulton and R. Pandharipande, Notes on stable maps and quantum 

cohomology, preprint, arXiv:alg-geom/9608011, 1996. 

[HKK+03] K. Hori, S. Katz, A. Klemm, R Pandharipande, R. Thomas, C. Vafa, 
R. Vakil, and E. Zaslow, Mirror symmetry. Clay Mathematics Mono- 
graphs, vol. 1, Amer. Math. Soc, 2003. 



[Ive72] B. Iverscn, A fixed point formula for action of tori on algebraic varieties, 

Inv. Math. 16 (1972), 229-236. 



34 



L. Cherveny 



[KP08] 
[LLW07] 

[LLY97] 

[LLY99a] 
[LLYQQb] 
[LLYOl] 
[LT98] 

[PZ08] 

[ZinOT] 



A. Klemm and R. Pandharipande, Enumerative geometry of Calabi-Yau 
4-folds, Comm. Math. Phys. 281 (2008), no. 3, 621-653. 

Yuan-Pin Lee, Hui-Wen Lin, and Chin-Lung Wang, Flops, motives, and 
invariance of quantum rings, to appear in Annals Math. 

B. Lian, K. Liu, and S.T. Yau, Mirror principle I, Asian J. Math. 1 
(1997), no. 4, 729-763. 

, Mirror principle II, Asian J. Math. 3 (1999), no. 1, 109-146. 

, Mirror principle III, Asian J. Math. 3 (1999), no. 4, 771-800. 

, Mirror principle IV, Surveys Diff. Geo. 7 (2001), 475-496. 



J. Li and G. Tian, Virtual moduli cycles and Gromov-Witten invariants 
of algebraic varieties, J. AMS 11 (1998), 119-174. 

R. Pandharipande and A. Zinger, Enumerative geometry of Calabi-Yau 
5-folds, preprint, arXiv:0802.1640vl, 2008. 

A. Zinger, Genus-zero two-point hyperplane integrals in the Gromov- 
Witten theory, preprint, arXiv:0705.2725v2, 2007. 



